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Apparent horizon and gravitational thermodynamics of the Universe: Solutions to the temperature
and entropy confusions, and extensions to modified gravity
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The thermodynamics of the Universe is restudied by requiring its compatibility with the holographic-style
gravitational equations which govern the dynamics of both the cosmological apparent horizon and the entire
Universe, and possible solutions are proposed to the existent confusions regarding the apparent-horizon
temperature and the cosmic entropy evolution. We start from the generic Lambda Cold Dark Matter (ΛCDM)
cosmology of general relativity (GR) to establish a framework for the gravitational thermodynamics. The
Cai–Kim Clausius equation δQ = TAdS A = −dEA = −AAψt for the isochoric process of an instantaneous
apparent horizon indicates that, the Universe and its horizon entropies encode the positive heat out thermody-
namic sign convention, which encourages us to adjust the traditional positive-heat-in Gibbs equation into the
positive-heat-out version dEm = −TmdS m−PmdV . It turns out that the standard and the generalized second laws
(GSLs) of nondecreasing entropies are always respected by the event-horizon system as long as the expanding
Universe is dominated by nonexotic matter −1 ≤ wm ≤ 1, while for the apparent-horizon simple open system
the two second laws hold if −1 ≤ wm < −1/3; also, the artificial local equilibrium assumption is abandoned in
the GSL. All constraints regarding entropy evolution are expressed by the equation of state parameter, which
show that from a thermodynamic perspective the phantom dark energy is less favored than the cosmological
constant and the quintessence. Finally, the whole framework is extended from GR and ΛCDM to modified
gravities with field equations Rµν − Rgµν/2 = 8πGeffT (eff)µν . Furthermore, this paper argues that the Cai–Kim
temperature is more suitable than Hayward, both temperatures are independent of the inner or outer trappedness
of the apparent horizon, and the Bekenstein–Hawking and Wald entropies cannot unconditionally apply to the
event and particle horizons.
PACS numbers: 04.20.Cv , 04.50.Kd , 98.80.Jk
I. INTRODUCTION
The thermodynamics of the Universe is quite an interesting
problem and has attracted a lot of discussion. Pioneering work
dates back to the investigations of cosmic entropy evolutions
for the spatially flat de Sitter Universe [1] dominated by a
positive cosmological constant, while recent studies have cov-
ered both the first and second laws of thermodynamics for the
Friedmann-Robertson-Walker (FRW) Universe with a generic
spatial curvature.
Recent interest on the first law of thermodynamics for the
Universe was initiated by Cai and Kim’s derivation of the
Friedmann equations from a thermodynamic approach [2]:
this is actually a continuation of Jacobson’s work to recover
Einstein’s equation from the equilibrium Clausius relation on
local Rindler horizons [3], and also a part of the effort to seek
the connections between thermodynamics and gravity [4] fol-
lowing the discovery of black hole thermodynamics [5]. For
general relativity (GR), Gauss-Bonnet and Lovelock gravi-
ties, Akbar and Cai reversed the formulation in [2] by rewrit-
ing the Friedmann equations into the heat balance equation
and the unified first law of thermodynamics at the cosmo-
logical apparent horizon [6]. The method of [6] was soon
generalized to other theories of gravity to construct the effec-
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tive total energy differentials by the corresponding modified
Friedmann equations, such as the scalar-tensor gravity in [7],
f (R) gravity in [8], braneworld scenarios in [9, 10], generic
f (R, φ,∇αφ∇αφ) gravity in [11], and Horava-Lifshitz gravity
in [12]. Also, at a more fundamental level, the generic field
equations of F(R, φ,− 12∇αφ∇αφ,G) gravity are recast into the
form of Clausius relation in [13].
Besides the first laws on the construction of various energy-
conservation and heat-transfer equations, the entropy evolu-
tion of the Universe has also drawn plenty of attention. How-
ever, the cosmic entropies are almost exclusively studied in
the generalized rather than the standard second laws [14–
25]. In fact, investigations via the traditional Gibbs equation
dEm = Tmd ˜S m − PmdV show that in GR and modified gravi-
ties, the evolution of the physical entropy ˜S m for the matter in-
side the apparent and the event horizons departs dramatically
from the desired nondecreasing behaviors; especially that ˜S m
inside the future-pointed event horizon always decreases un-
der the dominance of nonexotic matter above the phantom di-
vide. Thus the generalized second law (GSL) has been em-
ployed, which adds up ˜S m with the geometrically defined en-
tropy of the cosmological causal boundaries and anticipates
the total entropy to be nondecreasing so that the standard sec-
ond law could be rescued. For example, GSL has been studied
in [14] for a flat Universe with multiple entropy sources (ther-
mal, geometric, quantum etc.) by the entropy ansatz S = |H|α
(α > −3), in [15] for the event-horizon system of a quintom-
dominated flat Universe, and [16] for various interacting dark
2energy models.
Moreover, the GSL has also been used as a validity con-
straint on modified and alternative theories of gravity. For
instance, the GSL has been imposed on the event-horizon
system of the flat Universe of f (R) gravity in [17], tenta-
tively to the flat apparent-horizon system of generic mod-
ified gravities in [18], to the higher-dimensional Gauss-
Bonnet and Lovelock gravities in [19], to the Gauss-Bonnet,
Randall-Sundrum and Dvali-Gabadadze-Porrati braneworlds
in [20], the Horava-Lifshitz gravity in [21], F(R,G) general-
ized Gauss-Bonnet gravity in [22], f (T ) generalized telepar-
allel gravity in [23], scalar-tensor-chameleon gravity in [24],
and the self-interacting f (R) gravity in [25]. Note that in the
studies of GSLs, the debatable “local equilibrium assumption”
has been widely adopted which supposes that the matter con-
tent and the causal boundary in use (mainly the apparent or
the event horizon) would have the same temperature [16, 19–
22, 24, 25].
Unlike laboratory thermodynamics which is a well-
developed self-consistent framework, the thermodynamics of
the Universe is practically a mixture of ordinary thermody-
namics with analogous gravitational quantities, for which the
consistency between the first and second laws and among
the setups of thermodynamic functions are not yet verified.
For example, the Hayward temperature κ/2π [7, 9] or |κ|/2π
[8, 10] which formally resembles the Hawking temperature of
(quasi)stationary black holes [5] has been adopted in the first
laws, while in GSLs both |κ|/2π [18–20, 24, 25] and the Cai–
Kim temperature [16, 21, 22] are used. Moreover, in existent
literature we have noticed six questions regarding the gravita-
tional thermodynamics of the Universe:
(1) For the Cai–Kim and the Hayward temperatures, which
one is more appropriate for the cosmological bound-
aries? By solving this temperature confusion, the equa-
tions of total energy differential at the horizons could
also be determined;
(2) For the Bekenstein–Hawking entropy in GR and the
Wald entropy in modified gravities, are they uncondi-
tionally applicable to both the cosmological apparent
and the event horizons?
(3) Is the standard second law for the physical matter really
ill-behaved and thus needs to be saved by the GSL? This
constitutes the cosmological entropy confusion;
(4) Is the artificial local equilibrium assumption really nec-
essary for the GSL?
(5) The region enveloped by the apparent horizon is actu-
ally a thermodynamically open system with the abso-
lute cosmic Hubble flow crossing the horizon; how will
this fact influence the entropy evolution?
(6) Are the thermodynamic quantities fully consistent with
each other when the cosmic gravitational thermody-
namics is systemized?
In this paper, we will try to answer these questions.
This paper is organized as follows. Starting with GR and
the ΛCDM Universe (where Λ denotes generic dark energy),
in Sec. II we derive the holographic-style dynamical equations
governing the apparent-horizon dynamics and the cosmic spa-
tial expansion, which yield the constraints from the EoS pa-
rameter wm on the evolution and metric signature of the appar-
ent horizon. Section III demonstrates how these holographic-
style gravitational equations imply the unified first law of ther-
modynamics and the Clausius equation, and shows the latter
encodes the positive-heat-out sign convention for the horizon
entropy. In Sec. IV the Cai–Kim temperature is extensively
compared with Hayward, with the former chosen for further
usage in Sec. V, where we adjust the traditional Gibbs equa-
tion into the Positive Out convention to investigate the entropy
evolution for the simple open systems enveloped by the ap-
parent and event horizons. Finally the whole framework of
gravitational thermodynamics is extended fromΛCDM model
and GR to generic modified gravity in Sec. VI. Through-
out this paper, we adopt the sign convention Γα
βγ
= Γα
βγ
,
Rα
βγδ
= ∂γΓ
α
δβ
− ∂δΓαγβ · · · and Rµν = Rαµαν with the metric
signature (−,+ + +).
II. DYNAMICS OF THE COSMOLOGICAL APPARENT
HORIZON
II.1. Apparent horizon and observable Universe
The FRW metric provides the most general description for
the spatially homogeneous and isotropic Universe. In the
(t, r, θ, ϕ) coordinates for an observer comoving with the cos-
mic Hubble flow, it has the line element (e.g. [2, 26])
ds2 = −dt2 + a(t)
2
1 − kr2 dr
2 + a(t)2r2(dθ2 + sin2θdϕ2)
= hαβdxαdxβ + Υ2
(dθ2 + sin2θdϕ2), (1)
where a(t) refers to the scale factor to be specified by the
gravitational field equations, and the index k denotes the nor-
malized spatial curvature, with k = {+1 , 0 ,−1} correspond-
ing to closed, flat and open Universes, respectively. hαβ ≔
diag[−1 , a(t)21−kr2 ] represents the transverse two-metric spanned
by xα = (t, r), and Υ ≔ a(t) r stands for the astronomical cir-
cumference/areal radius. Based on Eq.(1), one can establish
the following null tetrad adapted to the spherical symmetry
and the null radial flow,
ℓµ =
(
1 ,
√
1 − kr2
a
, 0 , 0
)
nµ =
1
2
(
− 1 ,
√
1 − kr2
a
, 0 , 0
)
mµ =
1√
2Υ
(
0, 0, 1, i
sinθ
)
,
(2)
which has been adjusted to be compatible with the metric sig-
nature (−,+ + +) (e.g. Appendix B in [27]). By calculat-
ing the Newman-Penrose spin coefficients ρNP ≔ −mµm¯ν∇νℓµ
3and µNP ≔ m¯µmν∇νnµ, the outward expansion rate θ(ℓ) =
−(ρNP + ρ¯NP) and the inward expansion θ(n) = µNP + µ¯NP are
respectively found to be
θ(ℓ) = 2H + 2Υ−1
√
1 − kΥ
2
a2
θ(n) = −H + Υ−1
√
1 − kΥ
2
a2
,
(3)
where H refers to the time-dependent Hubble parameter of
cosmic spatial expansion, and H ≔ a˙
a
with the overdot de-
noting the derivative with respect to the comoving time t. For
the expanding (H > 0) Universe, θ(ℓ) and θ(n) locate the appar-
ent horizon Υ = ΥA by the unique marginally inner trapped
horizon [28] at
ΥA =
1√
H2 +
k
a2
, (4)
with θ(ℓ) = 4H > 0, θ(n) = 0, and also ∂µΥ becomes a null
vector with gµν∂µΥ∂νΥ = 0 at ΥA. Immediately the temporal
derivative of Eq.(4) yields the kinematic equation
˙ΥA = −HΥ3A
(
˙H − k
a2
)
. (5)
Just like ΥA and ˙ΥA, hereafter quantities evaluated on or re-
lated to the apparent horizon will be highlighted by the sub-
script A.
{ℓµ, nµ} in Eq.(2) coincide with the outgoing and ingoing
tangent vector fields of the null radial congruence that is sent
towards infinity by the comoving observer at r = 0, and in-
going signals from the antitrapped region Υ > ΥA (where
θ(ℓ) > 0, θ(n) > 0) can no longer cross the marginally inner
trapped ΥA and return to the observer. However, the region
Υ ≤ ΥA is not necessarily the standard observable Universe
in astronomy where ultrahigh redshift and visually superlumi-
nal recession can be detected [29, 30]: ΥA is a future-pointed
horizon determined in active measurement by the observer,
while the observable Universe is the past-pointed region mea-
sured by passive reception of distant signals and thus more
related to the past particle horizon.
Note that we are working with the generic FRW metric
Eq.(1) which allows for a nontrivial spatial curvature. This
is not just for theoretical generality: in fact, astronomical ob-
servations indicate that the Universe may not be perfectly flat.
For example, in the oΛCDM sub-model with a strict vacuum-
energy condition wΛ = −1, the nine-years data from the
Wilkinson Microwave Anisotropy Probe (WMAP) and other
sources like the Baryon Acoustic Oscillations (BAO) yield the
fractional energy densityΩk = −0.0027+0.0039−0.0038 [31] for the spa-
tial curvature, independently the time-delay measurements of
two strong gravitational lensing systems along with the seven-
years WMAP data find Ωk = 0.003+0.005−0.006 [32], while most re-
cently analyses based on BAO data giveΩk = −0.003± 0.003
[33].
II.2. Holographic-style dynamical equations
The matter content of the Universe is usually portrayed by a
perfect-fluid type stress-energy-momentum tensor, and in the
metric-independent form it reads
T µ (m)ν = diag
[ − ρm, Pm, Pm, Pm]
with Pm/ρm ≕ wm ,
(6)
where wm refers to the equation of state (EoS) parameter. Sub-
stituting this T (m)µν and the metric Eq.(1) into Einstein’s equa-
tion Rµν − 12 Rgµν = 8πGT (m)µν , one obtains the first and the
second Friedmann equations
H2 +
k
a2
=
8πG
3 ρm and
˙H − k
a2
= −4πG (1 + wm) ρm = −4πGhm
or 2 ˙H + 3H2 + k
a2
= −8πGPm ,
(7)
where hm = ρm + Pm =
(
1 + wm
)
ρm refers to the enthalpy
density.
Primarily, the first and second Friedmann equations are re-
spectively the first and second order differential equations of
the scale factor a(t), which is the only unspecified function
in the metric Eq.(1). On the other hand, recall the location
and the time-derivative of the cosmological apparent horizon
in Eqs. (4) and (5), and thus Eq.(7) can be rewritten into
Υ−2A =
8πG
3 ρm , (8)
˙ΥA = 4πGHΥ3A
(
1 + wm
)
ρm = 4πGHΥ3Ahm , (9)
which manifest themselves as the dynamical equations of the
apparent horizon. However, they also describe the dynamics
of spatial expansion for the entire Universe, so for this usage
we will dub Eqs.(8) and (9) the “holographic-style” dynamical
equations since they reflect the spirit of holography [we are
using the word “holographic” in a generic sense as opposed
to the standard terminology holographic principle in quan-
tum gravity and string theory [34] or the holographic gravity
method [35]].
Eq.(8) immediately implies that, for the late-time Universe
dominated by dark energy ρm = ρΛ, the apparent horizon
serves as the natural infrared cutoff for the holographic dark
energy model [36], in which the dark-energy density ρ(HG)
Λ
relies on the scale of the infrared cutoff ΥIR by ρ(HG)Λ =
3Υ−2IR /(8πG).
Moreover, with the apparent-horizon area AA = 4πΥ2A, it
follows from Eq.(8) that
ρmAA =
3
2G
, (10)
4so Eq.(9) can be further simplified into
˙ΥA =
3
2
HΥA
(
1 + wm
)
. (11)
With the help of Eqs.(8) and (11), for completeness the third
member (the Pm one) in Eq.(7) can be directly translated into
Υ−3A
(
˙ΥA −
3
2
HΥA
)
= 4πGHPm , (12)
and we keep it in this form without further manipulations for
later use in Sec. III.1.
From a mathematical point of view, it might seem trivial to
rewrite the Friedmann equations (7) into the holographic-style
gravitational equations (8)-(12). However, considering that
existent studies on the gravitational thermodynamics of the
cosmological apparent horizon always start from the relevant
Friedmann equations [6–12, 14–25], we wish that the manip-
ulations of Eq.(7) into Eqs.(8)-(12) could make the formula-
tions physically more meaningful and more concentrative on
the horizon ΥA itself. Also, we will proceed to investigate
some useful properties of the apparent horizon as necessary
preparations for the horizon thermodynamics.
Eq.(11) clearly shows that, for an expanding Universe
(H > 0) the apparent-horizon radius ΥA can be either ex-
panding, contracting or even static, depending on the domain
of the EoS parameter wm or equivalently the sign of the en-
thalpy density hm. In the ΛCDM cosmology, ρm could be
decomposed into all possible components, ρm =
∑
ρ
(i)
m =
ρm(baryon)+ρm(radiation)+ρm(neutrino)+ρm(dark matter)+
ρm(dark energy) + · · · , and the same for Pm. In principle
there should be an EoS parameter w(i)m = P(i)m /ρ(i)m associated to
each energy component. However, practically we can regard
wm either as that of the absolutely dominating matter, or the
weighted average for all relatively dominating components
wm =
∑
P(i)m
ρm
=
∑
w
(i)
m ρ
(i)
m
ρm
=
∑
αi w
(i)
m , (13)
with the weight coefficient given by αi = ρ(i)m /ρm, and thus wm
varies over cosmic time scale. Then it follows from Eq.(11)
that:
wm dominating matter enthalpy density ˙ΥA
−1/3 ≤ wm (≤ 1) and
−1 < wm < −1/3
ordinary matter, and
quintessence [37] hm > 0
˙ΥA > 0, expanding
wm = −1
cosmological constant or
vacuum energy [38] hm = 0
˙ΥA = 0, static
wm < −1 phantom [39] hm < 0 ˙ΥA < 0, contracting
The dominant energy condition [40] ρm ≥ |Pm| imposes the
constraint −1 ≤ wm ≤ 1 for nonexotic matter. Here we retain
the upper limit wm ≤ 1 but loosen the lower limit, allowing wm
to cross the barrier wm = −1 into the exotic phantom domain
wm < −1. The upper limit however is bracketed as (≤ 1) to in-
dicate that it is a physical rather than mathematical constraint.
II.3. Induced metric of the apparent horizon
The total derivative of Υ = Υ(t, r) yields adr = dΥ−HΥdt,
which recasts the FRW line element Eq.(1) into the (t,Υ, θ, ϕ)
coordinates as
ds2 =
(
1 − kΥ
2
a2
)−1(
−
(
1 − Υ
2
Υ2A
)
dt2 − 2HΥdtdΥ + dΥ2
)
+Υ2
(
dθ2 + sin2θdϕ2
)
. (14)
Although the comoving transverse coordinates (t, r) are easier
to work with, we will switch to the more physical coordinates
(t,Υ) whenever necessary. The metric Eq.(14) reduces to be-
come a three-dimensional hypersurface in the (t, θ, ϕ) coordi-
nates at the apparent horizon ΥA = ΥA(t), and with Eq.(11),
the induced horizon metric turns out to be
ds2 = (HΥA)−2( ˙ΥA − 2HΥA) ˙ΥAdt2 + Υ2A(dθ2 + sin2θdϕ2)
=
9
4
(
wm + 1
)(
wm − 13
)dt2 + Υ2A(dθ2 + sin2θdϕ2). (15)
Here wm shows up in the coefficients of dt2, and indeed the
spirit of geometrodynamics allows and encourages physical
parameters to directly participate in the spacetime metric, just
like the mass, electric charge and angular momentum param-
eters in the Kerr-Newmann solution. It is easily seen that the
signature of the apparent horizon solely relies on the domain
of wm regardless of the Universe being expanding or contract-
ing.
(1) For −1 < wm < 1/3, the apparent horizon ΥA has the
signature (−,++) and is timelike, which shares the sig-
nature of a quasilocal timelike membrane in black-hole
physics [28, 41].
(2) For wm < −1 or 1/3 < wm (≤ 1), the signature is (+,++)
and thus ΥA is spacelike. This situation has the same
signature with the dynamical black-hole horizons [42].
(3) For wm = −1 or wm = 1/3, ΥA is a null surface with the
signature (0,++), so it coincides with the cosmologi-
5cal event horizon ΥE ≔ a
∫ ∞
t
a−1dtˆ [26, 43] which by
definition is a future-pointed null causal boundary, and
it shares the signature of isolated black-hole horizons
[27].
Note that these analogies betweenΥA and black-hole horizons
are limited to the metric signature, while the behaviors of their
expansions {θ(ℓ), θ(n)} and the horizon trappedness are entirely
different. Among the two critical values, wm = −1 corre-
sponds to the de Sitter Universe dominated by a positive cos-
mological constant (or vacuum energy) [1], while wm = 1/3
refers to the highly relativistic limit of wm and the EoS of radi-
ation, with the trace of the the stress-energy-momentum ten-
sor gµνT (m)µν = (3wm − 1)ρm vanishing at wm = 1/3. As will
be shown later in Sec. IV, wm = 1/3 also serves as the “zero
temperature divide” if the apparent-horizon temperature were
measured by κ/2π in terms of the Hayward surface gravity κ.
II.4. Relative evolution equations
The nontrivial t-component of ∇µT µ (m)ν = 0 with respect
to the metric Eq.(1) leads to the continuity equation for the
cosmic perfect fluid
ρ˙m + 3H
(
1 + wm
)
ρm = 0 . (16)
Thus for the relative evolution rate of the energy density
ρ˙m/ρm, its ratio over that of the cosmic scale factor a˙/a = H
synchronizes with the instantaneous value of the EoS param-
eter, ρ˙m
ρm
/
a˙
a
= −3(1 + wm). This relation is not alone, as one
could easily observe from Eq.(11) that the relative evolution
rate of the apparent-horizon radius ˙ΥA/ΥA is normalized by
a˙/a into ˙ΥA
ΥA
/
a˙
a
= 32 (1 + wm). These two equations reveal the
interesting result that throughout the history of the Universe,
the relative evolution rate of the energy density is always pro-
portional to that of the apparent-horizon radius:
ρ˙m
ρm
/
˙ΥA
ΥA
= −2 . (17)
In fact, integration of Eq.(17) yields ln ρm ∝ −2 lnΥA and
thus ρm ∝ Υ−2A , which matches the holographic-style dynami-
cal equation (8) with the proportionality constant identified as
3
8πG .
III. THERMODYNAMIC IMPLICATIONS OF THE
HOLOGRAPHIC-STYLE DYNAMICAL EQUATIONS
In Sec. II, based on Eqs.(8)-(12) we have analyzed some
properties of the cosmological apparent horizon ΥA to facili-
tate the subsequent discussion; one can refer to [43] for more
discussion of the horizon ΥA. From this section on, we will
continue to investigate the thermodynamic implications of the
holographic-style gravitational equations (8)-(12).
III.1. Unified first law of thermodynamics
The mass M = ρmV of cosmic fluid within a sphere of ra-
dius Υ, surface area A = 4πΥ2 and volume V = 43πΥ
3
, can
be geometrically recovered from the spacetime metric and we
will identify it as the total internal energy E. With the Misner-
Sharp mass/energy [44] EMS ≔ Υ2G
(
1−hαβ∂αΥ∂βΥ
)
for spheri-
cally symmetric spacetimes, Eq.(1) with hαβ= diag[−1 , a21−kr2 ]
for the Universe yields
E =
Υ3
2GΥ2A
, (18)
and its equivalence with the physically defined mass E =
M = ρmV is guaranteed by Eq.(8). Equation (18) can also
be reconstructed in the tetrad Eq.(2) from the Hawking en-
ergy [45] EHk ≔ 14πG
(∫
dA
4π
)1/2 ∫ ( − Ψ2 − σNPλNP + Φ11 +
ΛNP
)dA ≡ 14πG (∫ dA4π )1/2 (2π − ∫ ρNPµNPdA) for twist-free
spacetimes. Immediately, the total derivative or transverse
gradient of E = E(t, r) is
dE = − 1
G
Υ3
Υ3A
(
˙ΥA − 32 HΥA
)
dt + 3
2G
Υ2
Υ2A
adr (19)
= −
˙ΥA
G
Υ3
Υ3A
dt + 3
2G
Υ2
Υ2A
dΥ , (20)
where the relation adr = dΥ − HΥdt has been employed to
rewrite Eq.(19) into Eq.(20), with the transverse coordinates
from (t, r) to (t ,Υ). According to the holographic-style dy-
namical equations (8), (9) and (12), the energy differentials
Eqs.(19) and (20) can be rewritten into
dE = −AΥHPm dt + A ρm adr (21)
= −A (1 + wm)ρm HΥ dt + A ρm dΥ . (22)
Eqs.(21) and (22) can be formally compactified into
dE = Aψ +WdV , (23)
where ψ and W are respectively the energy supply covector
ψ = −1
2
ρm
(
1 + wm
)
HΥ dt + 1
2
ρm
(
1 + wm
)
adr (24)
= − ρm
(
1 + wm
)
HΥ dt + 1
2
ρm
(
1 + wm
) dΥ , (25)
and the work density
W =
1
2
(
1 − wm
)
ρm . (26)
Eq.(23) is exactly the unified first law of (equilibrium) ther-
modynamics proposed by Hayward [46], and one can see from
the derivation process that it applies to a volume of arbitrary
areal radius Υ, no matter Υ < ΥA, Υ = ΥA or Υ > ΥA.
Moreover, W and ψ can respectively be traced back to the
scalar invariant W ≔ − 12 T
αβ
(m)hαβ and the covector invariant
ψα ≔ T βα (m)∂βΥ + W∂αΥ [46], which are valid for all spheri-
6cally symmetric spacetimes besides FRW, and have Eqs.(24),
(25) and (26) as their concrete components with respect to the
metric Eq.(1).
Note that the “unified” first law Eq.(23) for the gravitational
thermodynamics of the Universe is totally different from the
first laws in black-hole thermodynamics which balance the en-
ergy differential with the first-order variations of the Arnowitt-
Deser-Misner type quantities (such as mass, electric charge,
and angular momentum). Instead, Eq.(23) is more related to
the geometrical aspects of the thermodynamics-gravity corre-
spondence.
III.2. Clausius equation on the apparent horizon for an
isochoric process
Having seen that the full set of holographic-style dynamical
equations (8), (9) and (12) yield the unified first law dE =
Aψ + WdV for an arbitrary region in the FRW Universe, we
will focus on the volume enclosed by the apparent horizon
ΥA. Firstly, Eq.(9) leads to
˙ΥA
G
dt = AA
(
1 + wm
)
ρm HΥA dt , (27)
and the left hand side can be manipulated into
˙ΥA
G
dt = 1
2πΥA
(
2πΥA ˙ΥA
G
dt
)
=
1
2πΥA
d
dt
πΥ2AG
 . (28)
Applying the geometrically defined Hawking-Bekenstein en-
tropy [5] (in the units ~ = c = k [Boltzmann] = 1) to the
apparent horizon
S A =
πΥ2A
G
=
AA
4G
, (29)
then employing the Cai–Kim temperature [2, 47]
TA ≡ 12πΥA
, (30)
thus TAdS A = ˙ΥA/Gdt and Eq.(28) can be rewritten into
TAdS A = δQA = − AAψt = − dEA
∣∣∣∣dΥ=0 , (31)
where ψt is the t-component of the energy supply covector
ψ = ψt + ψΥ = ψαdxα in Eq.(25). This basically reverses
Cai and Kim’s formulation in [2], and differs from [6] by the
setup of the horizon temperature. Eq.(31) is actually the Clau-
sius equation for equilibrium and reversible thermodynamic
processes, and the meaning of reversibility compatible with
the cosmic dynamics is clarified in Appendix A. Comparing
Eq.(31) with the unified first law Eq.(23), one could find that
Eq.(31) is just Eq.(23) with the two dΥ components removed
and then evaluated at ΥA. Assuming that the apparent horizon
locates at ΥA0 ≡ ΥA(t = t0) at an arbitrary moment t0, then
during the infinitesimal time interval dt the horizon will move
to ΥA0 + ˙ΥA0dt; meanwhile, for the isochoric process of the
volume V(ΥA0) (i.e. a “controlled volume”), the amount of
energy across the horizon ΥA0 is just dEA = AA0ψt evaluated
at t0, and for brevity we will drop the subscript “0” whenever
possible as t0 is arbitrary.
The energy-balance equation (31) implies that the region
Υ ≤ ΥA enveloped by the cosmological apparent horizon
is thermodynamically an open system which exchanges both
heat and matter (condensed components in the Hubble flow)
with its surroundings/reservoir Υ ≥ ΥA. Here we emphasize
again that ΥA is simply a visual boundary preventing ingoing
null radial signals from reaching the comoving observer, and
the absolute cosmic Hubble flow can still cross ΥA. Also, un-
like nonrelativistic thermodynamics in which δQ exclusively
refers to the heat transfer (i.e. electromagnetic flow), the δQA
in Eq.(31) is used in a mass-energy-equivalence sense and de-
notes the Hubble energy flow which generally contains differ-
ent matter components.
Finally, for the open system enveloped by ΥA, we combine
the Clausius equation (31) and the unified first law Eq.(23)
into the total energy differential
dEA = AAψt dt + AA
(
ψΥ +W
) dΥA
= − TAdS A + ρm AAdΥA
= − TAdS A + ρm dVA .
(32)
In fact, by the continuity equation (16) one can verify
−TAdS A = VAdρm, which agrees with the thermodynamic
connotation that the heat −TAdS A = δQA measures the loss
of internal energy that can no longer be used to do work. In
this sense, one may further regard dEA + TAdS A to play the
role of the relativistic differential Helmholtz free energy dFA
for the instantaneous ΥA0 of temperature TA0,
dFA ≔ dEA + TAdS A = ρm dVA = (ψΥ +W) dVA , (33)
which represents the maximal work element that can be ex-
tracted from the interior of ΥA0; one could also identify the
relativistic differential Gibbs free energy dGA, which means
the “useful” work element, as
dGA ≔ dEA + TAdS A + PmdVA = ρm (1 + wm) dVA . (34)
Note that dFA and dGA contain +TAdS A with a plus in-
stead of a minus sign, because the Cai–Kim Clausius rela-
tion dEA = −TAdS A encodes that the horizon entropy S A
is defined in a “positive heat out” rather than the traditional
positive-heat-in thermodynamic sign convention, as will be
extensively discussed in Sec. V.1.
IV. SOLUTION TO THE HORIZON-TEMPERATURE
CONFUSION
IV.1. The horizon-temperature confusion
In the thermodynamics of (quasi)stationary black holes [5],
the Hawking temperature satisfies T = κ˜/(2π) based on the
traditional Killing surface gravity κ˜ and the Killing genera-
7tors of the horizon. For the FRW Universe, one has the Hay-
ward inaffinity parameter κ [46] in place of the Killing inaffin-
ity, which yields the Hayward surface gravity on the apparent
horizon,
κ ≔
1
2
hαβ∇α∇βΥ = 1
2
√
−h
∂α
(√
−h hαβ∂βΥ
)
≡ − Υ
Υ2A
(
1 −
˙ΥA
2HΥA
)
= − 1
ΥA
(
1 −
˙ΥA
2HΥA
) ∣∣∣∣
ΥA
,
(35)
where hαβ = diag[−1 , a21−kr2 ] refers to the transverse two-
metric in Eq.(1). Then formally following the Hawking tem-
perature, the Hayward temperature of the apparent horizonΥA
is defined either by [7, 9]
TA ≔ κ2π = −
1
2πΥA
(
1 −
˙ΥA
2HΥA
)
(36)
or [8, 10, 18–20, 24, 25]
T (+)A ≔
(κ |
2π
=
1
2πΥA
(
1 −
˙ΥA
2HΥA
)
, (37)
where we use the symbol (κ | to denote the partial absolute
value of κ, because existing papers have a priori abandoned
the possibility of ˙ΥA/(2HΥA) ≥ 1 for T (+)A . Equation (37) is
always supplemented by the assumption [8, 10, 18–20, 24, 25]
˙ΥA
2HΥA
< 1 (38)
to guarantee a positive T (+)A which is required by the third law
of thermodynamics, and even the condition [18]
˙ΥA
2HΥA
<< 1 (39)
so that T (+)A can be approximated into the Cai–Kim tempera-
ture [2, 47]
T (+)A ≈
1
2πΥA
= TA . (40)
Historically the inverse problem “from thermodynamics to
gravitational equations for the Universe” [2] was formulated
earlier, in which the Cai–Kim temperature works perfectly for
all theories of gravity. Later on, the problem “from FRW grav-
itational equations to thermodynamics” [6–8] (as the logic in
this paper) came into attention in which the Hayward tempera-
ture seems to become effective. Considering that two different
temperatures make the two mutually inverse problems asym-
metric, attempts have been made to reduce the differences be-
tween them, mainly the assumptions Eqs.(38) and (39).
Note that when the conditions Eqs.(39) and (40) are ap-
plied to Eq.(36), TA would become a negative temperature.
[7] has suggested that it might be possible to understand this
phenomenon as a consequence of the cosmological apparent
horizon being inner trapped [θ(ℓ) > 0, θ(n) = 0], as opposed
to the positive temperatures of black-hole apparent horizons
which are always marginally outer trapped [θ(ℓ) = 0, θ(n) < 0].
However, this proposal turns out to be inappropriate; as will
be shown at the end of Sec. IV.3, the signs of TA actually keep
pace with the metric signatures rather than the inner/outer
trappedness of the horizon ΥA.
IV.2. Effects of TAdS A and T (+)A dS A
In Sec. III.2, we have seen TAdS A = AAψt for the Cai–Kim
TA = 1/(2πΥA), and now let’s examine the effects of TA and
T (+)A . Given the Bekenstein–Hawking entropy S A = AA/4G,
the dynamical equation ˙ΥA = AAHΥAG
(1 + wm)ρm and the
energy supply covectorψ = ψt +ψΥ = −
(
1+wm
)
ρmHΥAdt+
1
2
(
1 + wm
)
ρm dΥA, one has
TAdS A = −
˙ΥA
G +
˙ΥA
2GHΥA
˙ΥAdt
= −AAHΥA
(
1 + wm
)
ρmdt +
1
2
AA
(
1 + wm
)
ρmdΥA
= AAψt + AAψΥ = AAψ . (41)
Similarly, for the T (+)A defined in Eq.(37),
T (+)A dS A = −
(
AAψt + AAψΥ
)
= −AAψ . (42)
Hence, for the two terms comprising TA and T (+)A , the
± 12πΥA dS A is balanced by ∓AAψt, while the ±
˙ΥA
2HΥA dS A is
equal to ±AAψΥ. As obtained in e.g. [6]-[12], for the open
system enveloped by the cosmological apparent horizon, com-
bining Eqs.(41) and (42) with the unified first law Eq.(23)
leads to the total energy differential
dEA = TAdS A + WdVA
= −T (+)A dS A + WdVA ,
(43)
as opposed to dEA = −TAdS A + ρmdVA for the Cai–Kim TA.
IV.3. “Zero temperature divide” wm = 1/3 and preference of
Cai–Kim temperature
Now apply the dynamical equation (11) to {TA, T (+)A } and
the assumptions in Eqs.(38) and (39). With ˙ΥA = 32 HΥA
(
1 +
wm
)
, the Hayward surface gravity becomes
κ = − 1
ΥA
(
1 −
˙ΥA
2HΥA
)
= − 3
4ΥA
(1
3 − wm
)
, (44)
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wm >
1
3 : κ > 0 , | κ | =
3
4ΥA
(
wm − 13
)
wm =
1
3 : κ = | κ | = 0
wm <
1
3 : κ < 0 , | κ | =
3
4ΥA
(1
3 − wm
)
. (45)
The Hayward temperature TA in Eq.(36) and its partially ab-
solute value T (+)A in Eq.(37) become
TA = − 38πΥA
(1
3 − wm
)
= −1
4
TA
(
1 − 3wm
)
T (+)A =
3
8πΥA
(1
3 − wm
)
=
1
4
TA
(
1 − 3wm
)
.
(46)
Fortunately TA and T (+)A remain as state functions, although
Eqs.(36) and (37) carry { ˙ΥA, H} and look like process quan-
tities (see Appendix A for more discussion). Moreover, the
supplementary assumption Eq.(38) for T (+)A > 0 turns out to
be
˙ΥA
2HΥA
=
3
4
(
1 + wm
)
< 1 ⇒ wm < 1/3 . (47)
Thus the condition ˙ΥA2HΥA ≪ 1 in Eq.(39) could be directly
translated into wm ≪ 1/3, which is however inaccurate:
in fact, if directly starting from Eq.(46), the approximation
T (+)A ≈ TA = 1/(2πΥA) will require
wm → −1 . (48)
It is neither mathematically nor physically identical with
wm ≪ 1/3 which could only be perfectly satisfied for wm →
−∞ in the extreme phantom domain.
Eqs.(44) – (48) have rewritten and simplified the origi-
nal expressions of the Hayward temperatures {TA , T (+)A } in
Eqs.(36, 37) and their supplementary conditions Eqs.(38, 39).
Based on these results we realize that it becomes possible to
make an extensive comparison between {TA , T (+)A } and the
Cai–Kim TA = 1/(2πΥA), which reveals the following facts.
(1) TA is negative definite for 1/3 < wm (≤ 1), positive def-
inite for wm < 1/3, and TA ≡ 0 for wm = 1/3. We will
dub the special value wm = 1/3 as the Hayward “zero
temperature divide”, which is inspired by the termi-
nology “phantom divide” for wm = −1 in dark-energy
physics [38]. Hence, TA does not respect the third law
of thermodynamics. Moreover, one has TA = 0 at
wm = 1/3 and thus TAdS A = 0; following Eq.(41),
this can be verified by
AAψ = −AAHΥA
(
1 + wm
)
ρmdt +
1
2
AA
(
1 + wm
)
ρmdΥA
= AAρm
(
1 + wm
)(1
2
˙ΥA − HΥA
)dt
=
9
8G HΥA
(
1 + wm
)(
wm −
1
3
)dt. (49)
(2) The condition wm < 1/3 for the validity of T (+)A is too
restrictive and unnatural, because wm = 1/3 serves as
the EoS of radiation and (1 ≥) wm > 1/3 represents all
highly relativistic energy components. For example, it
is well known that a canonical and homogeneous scalar
field φ(t) in the FRW Universe has the EoS (e.g. [2])
w
(φ)
m =
Pφ
ρφ
=
1
2
˙φ2 − V(φ)
1
2
˙φ2 + V(φ) . (50)
w
(φ)
m can fall into the domain 1/3 ≤ w(φ)m ≤ 1 when the
dynamical term 12 ˙φ
2 dominates over the potential V(φ),
and we donot see any physical reason to a priori rule
out this kind of fast-rolling scalar field.
(3) The equality TAdS A = AA(ψt + ψΥ) = −T (+)A dS A
implies that TAdS A and T (+)A dS A need to be balanced
by dt and also the dΥA component of ψ, and thus the
other dΥA component from WdVA = WAAdΥA should
be nonvanishing as well. Hence, TAdS A and T (+)A dS A
always live together with WdVA to form the total en-
ergy differential Eq.(43) rather than some Clausius-type
equation δQ˜ = T (+)A dS A = −TAdS A = −AAψ, and
there exists no isochoric process (dΥ = 0) for {TA ,
T (+)A }.
(4) The “highly relativistic limit” wm = 1/3 is more than
the divide for negative, zero or positive Hayward tem-
perature TA; it is also the exact divide for the induced
metric of the apparent horizon to be spacelike, null or
timelike, as discussed before in Sec. II.3. That is to say,
the sign of the temperature synchronizes with the signa-
ture of the horizon metric. However, there are no such
behaviors for analogies in black-hole physics: for ex-
ample, a slowly-evolving quasilocal black-hole horizon
[41, 50] can be either spacelike, null or timelike, but the
horizon temperature is always positive definite regard-
less of the horizon signature.
(5) Unlike the Cai–Kim temperature TA, the Hayward {TA,
T (+)A } used for the problem “from gravitational equa-
tions to thermodynamic relations for the Universe” do
not work for the problem “from thermodynamic rela-
tions to gravitational equations”. That is to say, {TA ,
T (+)A } break the symmetry between the formulations of
these two mutually inverse problems.
On the other hand, the Cai–Kim temperature TA =
1/(2πΥA) is positive definite throughout the history of the
9Universe, it provides symmetric formulations of the conjugate
problems “gravity to thermodynamics” and “thermodynamics
to gravity”, and it is the Hawking-like temperature measured
by a Kodama observer for the matter tunneling into the un-
trapped interior Υ < ΥA from the antitrapped exterior Υ > ΥA
[47]. In fact, besides the assumption Eq.(39) for the approxi-
mation T (+)A ≈ TA in Eq.(40), there have been efforts to rede-
fine the dynamical surface gravity in place of Eq.(35) for the
dynamical apparent horizon ΥA; for example, inspired by the
thermodynamics of dynamical black-hole horizons [42], the
inaffinity κ ≔ − 12∂ΥΞ with Ξ ≔ hαβ∂αΥ∂βΥ ≡ 1−Υ2/Υ2A has
been employed for the FRW Universe in [48], with which the
Cai–Kim temperature satisfies TA =
κ
2π
at the horizon Υ =
ΥA and thus absorbs the Hayward temperature TA = κ/(2π).
With these considerations, we adopt the Cai–Kim TA for the
absolute temperature of the cosmological apparent horizon.
This way, we believe that the temperature confusion is solved
as the Cai–Kim TA is favored.
Furthermore, imagine a contracting Universe with a˙ < 0
and H < 0, and one would have a marginally outer trapped
apparent horizon with θ(ℓ) = 0 and θ(n) = 2H < 0 at Υ = ΥA.
Hence, whether Υ = ΥA is outer or inner trapped only
relies on the Hubble parameter to be negative or positive. In
Sec. II.3 we have seen that the induced-metric signature of
ΥA is independent of H, and neither will the Hayward {TA ,
T (+)A }. Also, Eqs.(52) and (53) clearly show that, the equality−TAdS A = AAψt = dEA of the Cai–Kim TA validates for
either H > 0 or H < 0. Hence, we further conclude that:
Corollary 1 Neither the sign of the Hayward nor the Cai–
Kim temperature is related to the inner or outer trappedness
of the cosmological apparent horizon.
IV.4. A quick note on the QCD ghost dark energy
Among the various types of quantum chromodynamics
(QCD) ghost dark energy in existent literature, the following
version was introduced in [51] and further discussed in [52],
ρ
(QCD)
Λ
= αΥ−1A
(
1 −
˙ΥA
2HΥA
)
, (51)
where α is a positive constant with the dimension of [energy]3.
It is based on the idea that the vacuum energy density is
proportional to the temperature of the apparent horizon ΥA,
which was chosen as the Hayward {TA , T (+)A } in [51]. Fol-
lowing the discussion just above, we can see that Eq.(51) turns
out to be problematic because ρ(QCD)
Λ
is not positive definite,
with ρ(QCD)
Λ
≤ 0 when the Universe is dominated by superrel-
ativistic matter 1/3 ≤ wm (≤ 1). In fact, more viable forms of
the QCD ghost dark energy can be found in e.g. [53].
V. THE (GENERALIZED) SECOND LAWS OF
THERMODYNAMICS
Having studied the differential forms of the energy conser-
vation and heat transfer and distinguished the temperature of
of the apparent horizon, we will proceed to investigate the en-
tropy evolution for the Universe.
V.1. Positive heat out thermodynamic sign convention
As a corner stone for our formulation of the second laws
and solution to the entropy confusion, we will match the ther-
modynamic sign convention encoded in the Cai–Kim Clausius
equation TAdS A = δQA = −AAψt. Following Secs. III.1 and
III.2, we first check whether the heat flow element δQA and
the isochoric energy differential dEA0 = d(ρmVA0) take pos-
itive or negative values. δQA will be calculated by TAdS A,
while dEA is to be evaluated independently via AAψt =
−AA
(
1 + wm
)
ρmHΥAdt. Hence, in the isochoric process for
an instantaneous apparent horizon ΥA0,
TAdS A =
˙ΥA
G
dt = 3
2G
HΥA
(
1 + wm
)dt , (52)
dE
∣∣∣
ΥA0
= −AAρm
(
1 + wm
)
HΥAdt = − 32G HΥA
(
1 + wm
)dt,
(53)
where Eqs. (10) and (11) have been used to replace AAρm and
˙ΥA, respectively. For an expanding Universe (H > 0), this
clearly shows that:
(1) If the Universe is dominated by ordinary matter or
quintessence, −1 < wm (≤ 1), the internal energy is
decreasing dEA = AAψt < 0, with a positive Hubble
energy flow δQA = TAdS A > 0 going outside to the
surroundings;
(2) Under the dominance of the cosmological constant,
wm = −1 and {ρm,ΥA, TA, S A} = constant; the in-
ternal energy is unchanging, dEA = AAψt = 0 and
δQA = TAdS A = 0;
(3) When the Universe enters the phantom-dominated state,
wm < −1, the internal energy increases dEA = AAψt >
0 while δQA = TAdS A < 0.
Hence, based on the intuitive behaviors at the domain −1 <
wm (≤ 1) for nonexotic matter, we set up the positive heat
out thermodynamic sign convention for the right hand side of
dEA = −δQA. That is to say, heat emitted by the system takes
positive values (δQA = δQoutA > 0), while heat absorbed by
the system takes negative values. Obviously, this setup is to-
tally consistent with the situations of wm ≤ −1. Also, because
of the counterintuitive behaviors under phantom dominance,
one should not take it for granted that, for a spatially expand-
ing Universe the cosmic fluid would always flow out of the
isochoric volume V(Υ = Υ0) with dE = VA0dρm < 0.
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V.2. Positive heat out Gibbs equation
In existent papers, the cosmic entropy is generally stud-
ied independently of the first laws, and the entropy Ŝ m of
the cosmic energy-matter content (with temperature Tm) is
always determined by the traditional Gibbs equation dE =
TmdŜ m−PmdV (e.g. [14]-[24]). This way, ˙Ŝ m departs dramat-
ically from the expected non-decreasing behaviors, so people
turn to the generalized version of the second law for help,
which works with the sum of Ŝ m and the geometric entropy
of the cosmological apparent or event horizons.
This popular treatment is very problematic. In fact, the
equation dEm = TmdŜ m − PmdV encodes the “positive heat
in, positive work out” convention for the physical entropy
Ŝ m and the heat transfer TmdŜ m. However, as extensively
discussed just above, the geometric Bekenstein–Hawking en-
tropy S A = AA/4G for the cosmological apparent horizon is
compatible with the positive-heat-out convention. One cannot
add the traditional positive-heat-in Ŝ m with the positive-heat-
out S A, and this conflict1 leads us to adjust the Gibbs equation
into
dEm = −Tm dS m − PmdV , (54)
where S m is defined in the positive-heat-out convention fa-
vored by the Universe for consistency with the holographic-
style gravitational equations (8), (9) and (12). This way, one
can feel free and safe to superpose or compare the matter en-
tropy S m and the horizon entropy {S A, etc.}, and even more
pleasantly, it turns out that this S m is very well behaved.
Moreover, note that although the Gibbs equation is usually
derived from a reversible process in a closed system (“con-
trolled mass”), Eq.(54) actually applies to either reversible or
irreversible processes, and either closed or open systems, be-
cause it only contains state quantities which are independent
of thermodynamic processes.
For the energy E = M = ρmV in an arbitrary volume V =
4
3πΥ
3 = 13 AΥ, Eq.(54) yields TmdS m = −d(ρmV) − PmdV =−Vdρm − (ρm + Pm)dV , and thus
TmdS m = 3H(ρm + Pm)Vdt − (ρm + Pm)AdΥ
= ρmA(1 + wm)(HΥdt − dΥ) , (55)
where the continuity equation (16) has been used. Based on
Eq.(55), we can analyze the entropy evolution ˙S m for the mat-
ter inside some special radii such as the apparent and event
horizons. Note that these regions are generally open thermo-
dynamic systems with the Hubble energy flow crossing the
apparent and possibly the event horizons, so one should not a
priori anticipate ˙S m ≥ 0; instead, we will look for the circum-
stances where ˙S m ≥ 0 conditionally holds.
1 Note that there is no such conflict for black holes, because both the black-
hole horizon entropy and the matter entropy are defined in the positive-
heat-in convention.
V.3. The second law for the interior of the apparent horizon
For the matter inside the apparent horizon Υ = ΥA(t),
Eq.(55) along with the holographic-style dynamical equations
(10) and (11) yield
TmdS (A)m = ρmAA(1 + wm)
(
HΥA − ˙ΥA)dt
=
3
2G
(1 + wm)HΥA
(
1 − 3
2
(1 + wm)
)
dt
= − 9
4G
HΥA
(
wm + 1
)(
wm +
1
3
)dt .
(56)
Obviously the second law of thermodynamics ˙S (A)m ≥ 0 holds
for −1 ≤ wm ≤ −1/3. Moreover, recall that the spatial expan-
sion of the generic FRW Unverse satisfies
a¨
a
= −4πG3
(
1 + 3wm
)
ρm , (57)
with a¨ > 0 for wm < −1/3. Hence, within GR and the ΛCDM
model, we have:
Theorem 1 The physical entropy S (A)m inside the cosmolog-
ical apparent horizon satisfies ˙S (A)m ≡ 0 when wm = −1/3 or
under the dominance of the cosmological constant wm = −1,
while ˙S (A)m > 0 for the stage of accelerated expansion (a¨ > 0)
dominated by quintessence −1 < wm < −1/3.
V.4. The second law for the interior of the event and particle
horizons
Consider the future-pointed cosmological event horizon
ΥE ≔ a
∫ ∞
t
a−1dtˆ which measures the distance that light sig-
nals will travel over the entire future history from tˆ0 = t. ΥE
satisfies
˙ΥE = HΥE − 1 , (58)
so for the cosmic fluid inside ΥE, Eq.(55) leads to
TmdS (E)m = ρmAE(1 + wm)
(
HΥE − ˙ΥE
)dt
= ρmAE(1 + wm)dt .
(59)
Hence, we are very happy to see that:
Theorem 2 The physical entropy S (E)m inside the cosmo-
logical event horizon satisfies ˙S (E)m ≡ 0 if the Universe is
dominated by the cosmological constant wm = −1, while
˙S (E)m > 0 for all nonexotic matter −1 < wm (≤ 1) above the
phantom divide.
The importance of this result can be best seen for a closed
(k = 1) Universe, when the event horizonΥE has a finite radius
and bounds the entire spacetime. Then the physical entropy of
the whole Universe is nondecreasing as long as the dominant
energy condition holds −1 ≤ wm (≤ 1).
Similarly for the past particle horizon ΥP ≔ a
∫ t
0 a
−1dtˆ (e.g.
11
[26, 43, 54]), which supplements the event horizon ΥE and
measures the distance that light has already traveled from the
beginning of time (or equivalently the most distant objects one
could currently observe), it satisfies ˙ΥP = HΥP + 1 and thus
Eq.(55) yields
TmdS (P)m = ρmAP(1 + wm)
(
HΥP − ˙ΥP
)dt
= −ρmAP(1 + wm)dt .
(60)
Besides ˙S (P)m ≡ 0 for wm = −1, ˙S (P)m < 0 always holds at the
domain−1 < wm (≤ 1), which means that the physical entropy
is always decreasing when we trace back to the earlier age for
the younger Universe that has a larger particle horizon radius
ΥP or horizon area AP.
Note that with the traditional Gibbs equation dEm =
TmdŜ m − PmdV where Ŝ m is defined in the positive-heat-in
convention, for the interiors of the future ΥE and the past ΥP
one would always obtain
Tm dŜ (E)m = dE(E)m + PmdVE = −ρmAE(1 + wm)dt
Tm dŜ (P)m = dE(P)m + PmdVP = ρmAP(1 + wm)dt .
(61)
It would imply that in the future ˙Ŝ
(E)
m > 0 would never be real-
ized and a younger Universe (larger AP) would however carry
a larger internal entropy Ŝ (P)m , unless the Universe were in an
exotically phantom-dominated (wm < −1) state in her history.
We believe that Eqs.(59, 60) provide a more reasonable de-
scription for the cosmic entropy evolution than Eq.(61), regard
this result as a support to the positive-heat-out Gibbs equation
(54), and argue that Eqs.(54), (59) and (60) have solved the
cosmological entropy confusion caused by Eq.(61) in tradi-
tional studies.
V.5. GSL for the apparent-horizon system
Historically, to rescue the disastrous result of the traditional
Eq.(61), the generalized second law (GSL) for the thermo-
dynamics of the Universe was developed, which adds up the
geometrically defined entropy of the cosmological boundaries
(mainly S A, S E) to the physical entropy of the matter-energy
content S m, aiming to make the total entropy nondecreasing
under certain conditions. This idea is inspired by the GSL of
black-hole thermodynamics [49], for which Bekenstein pos-
tulated that the black-hole horizon entropy plus the external
matter entropy never decrease (for a thermodynamic closed
system).
Eq.(59) clearly indicates that the second law ˙S m ≥ 0 is well
respected in our formulation, but for completeness we will
still re-investigate the GSLs. For the simple open system con-
sisting of the cosmological apparent horizon ΥA and its inte-
rior, Eqs.(29) and (56) yields
˙S (A)m + ˙S A =−
1
Tm
9
4G
HΥA
(
wm + 1
)(
wm +
1
3
)
+
2πΥA ˙ΥA
G
=− 1
Tm
9
4G
HΥA
(
wm + 1
)(
wm +
1
3
) (62)
+
1
TA
3
2G
HΥA
(
wm + 1
)
.
In existing papers it is generally assumed that the apparent
horizon would be in thermal equilibrium with the matter con-
tent and thus TA = Tm [16, 19–22, 24, 25], or occasionally
less restrictively Tm = bTA (b = constant) [17, 18]. How-
ever, such assumptions are essentially mathematical tricks to
simplify Eq.(62), while physically they are too problematic,
so we directly move ahead from Eq.(62) without any artificial
speculations relating TA and Tm.
The GSL ˙S (A)m + ˙S A ≥ 0 could hold when 1TA
3
2G HΥA
(
wm +
1
) ≥ 1Tm 94G HΥA(wm+1)(wm+ 13 ), and with {H,ΥA, TA, Tm} > 0
it leads to
(
wm + 1
)(Tm
TA
− 3
2
(
wm +
1
3
)) ≥ 0 , (63)
or equivalently
(
wm+1
)(
Tm− 32 (wm+ 13 )TA
) ≥ 0. Hence, for the
apparent-horizon system the GSL trivially validates with ˙S m+
˙S A ≡ 0 under the dominance of the cosmological constant
wm = −1, and:
(1) For −1 < wm < −1/3 which corresponds to an acceler-
ated Universe dominated by quintessence, ˙S m + ˙S A > 0
always holds, because Tm/TA > 0 and 32
(
wm +
1
3
)
< 0
[or because both ˙S m > 0 and ˙S A > 0];
(2) For −1/3 ≤ wm (≤ 1) which corresponds to ordinary-
matter dominance respecting the strong energy condi-
tion ρm + 3Pm ≥ 0 [40], the GSL ˙S m + ˙S A ≥ 0 condi-
tionally holds when
Tm
TA
≥ 3
2
(
wm +
1
3
)
; (64)
(3) For the phantom domain wm < −1, the GSL never vali-
dates because it requires Tm/TA ≤ 32 (wm+ 13 ) < 0 which
violates the the third law of thermodynamics.
V.6. GSL for the event-horizon system
Now consider the system made up of the cosmological
event horizon and its interior. Unlike the apparent horizon,
the entropy S E and temperature TE of the event horizonΥE are
unknown yet; one should not take it for granted that ΥE would
still carry the Bekenstein–Hawking entropy S E = AE/4G and
further assume a Cai–Kim temperature TE = 1/(2πΥE) to it.
Considering that S E would reflect the amount of Hubble-
flow energy crossing an instantaneous event horizon ΥE =
ΥE0, it is still safe to make use of the unified first law Eq.(22)
12
and thus
TEdS E = δQE = −dE
∣∣∣
ΥE0
= AE
(1 + wm)ρm HΥE dt . (65)
Hence for the event horizon system we have
˙S (E)m + ˙S E =
1
Tm
(1 + wm)ρmAE + 1TE AE
(
1 + wm
)
ρmHΥE
= ρmAE
(
1 + wm
)( 1
Tm
+
1
TE
ΥE
ΥH
)
, (66)
where ΥH ≔ 1/H refers to the radius of the Hubble horizon
[30, 43], an auxiliary scale where the recession speed would
reach that of light (c = 1 in our units) by Hubble’s law, and
it is more instructive to write H as 1/ΥH when compared
with ΥE and ΥA. Since {TA, TE, H,ΥE} > 0, we pleasantly
conclude from Eq.(66) without any unnatural assumption on
{Tm, TE} that:
Theorem 3 The GSL ˙S (E)m + ˙S E ≥ 0 for the event horizon
system always holds for an expanding Universe dominated by
nonexotic matter −1 ≤ wm (≤ 1).
Note that Mazumder and Chakraborty have discussed GSLs
for the event-horizon system in various dark-energy (and
modified-gravity) models in [55, 56], where S E is calculated
by the unified first law and the importance of wm is fully real-
ized, although it is the weak rather than the dominant energy
condition that is emphasized therein and the possibility of a
Bekenstein–Hawking entropy for ΥE is not analyzed.
So far we have seen that though the apparent horizon ΥA
is more compatible with the unified first law and the Clau-
sius equation, the second law is better respected by the cosmic
fluid inside the event horizon ΥE – this is because ΥE better
captures the philosophical concept of “the whole Universe”.
For both horizons ΥA and ΥE, the second law is better for-
mulated than the GSL. Moreover, from the standpoint of the
second laws and the GSLs, the phantom (wm < −1) dark en-
ergy is definitely less favored than the cosmological constant
(wm = −1) and the quintessence (−1 < wm < −1/3).
V.7. Bekenstein–Hawking entropy and Cai–Kim temperature
for the event horizon?
The entropy of the event horizon ΥE has just been calcu-
lated from the unified fist law. Now let’s return to the ques-
tion: Can the Bekenstein–Hawking entropy and/or the Cai–
Kim temperature be applied to ΥE? With the assumption
S E = AE/4G, Eq.(65) yields
TE
2πΥE ˙ΥE
G
= TE
2πΥE
(
HΥE − 1
)
G
= AE
(
1+wm
)
ρmHΥE, (67)
which further leads to
(
ΥE − ΥH
)
TE =
G
2π
ρmAE
(
1 + wm
)
. (68)
An expanding FRW Universe always satisfies ΥE ≥ ΥH, so the
third law of thermodynamics TE > 0 requires −1 ≤ wm (≤ 1);
also, ΥE = ΥH when wm = −1 and TE becomes unspecifiable
from Eq.(68). Moreover, if ΥE = ΥH, then a
∫ ∞
t
a−1dtˆ = a
a˙
,
thus
a˙
∫ ∞
t
a−1dtˆ = 1 ⇒ a¨
a˙
− a˙
a
= 0 ⇒ aa¨ = a˙2 , (69)
where we have taken the time derivative of the left-most inte-
gral expression. In the meantime, when wm = −1 we have
a˙2 + k
a2
=
8
3πGρm ,
a¨
a
=
8
3πGρm ⇒ aa¨ = a˙
2 + k. (70)
Comparison of Eqs.(69) and (70) shows that in addition to
wm = −1, ΥE = ΥH also requires k = 0; note that in case
of the flat Universe, the apparent and the Hubble horizons
coincide, ΥA = ΥH, so TE=TA which remedies the failure of
Eq.(68) at wm = −1. Hence,
Corollary 2 The validation of a Bekenstein–Hawking
entropy on the cosmological event horizon requires that (i)
the scale factor a(t) satisfies the constraint Eq.(68), (ii) the
dominant energy condition always holds, (iii) the event and
Hubble horizons would coincide and the spatial curvature
vanishes under the dominance of the cosmological constant.
If one further assumes a Cai–Kim-like TE = 1/(2πΥE) for the
event horizon, Eq.(68) would tell us that
GρmAE
(
1 + wm
)
+
ΥH
ΥE
= 1 . (71)
Does this constraint always hold? Since ΥE ≥ ΥA, thus
ρmAE ≥ ρmAA = 32G , with which Eq.(71) yields
3
2
(
1 + wm
)
+
ΥH
ΥE
≤ 1 . (72)
This result can be rearranged into
wm ≤ −13 −
ΥH
ΥE
< −13 , (73)
which, together with the requirement −1 ≤ wm (≤ 1) from
Eq.(68) for a generic positive TE, give rise to the condition
−1 ≤ wm < −1/3. Hence,
Corollary 3 In addition to a Bekenstein–Hawking entropy,
the validation of a Cai–Kim temperature on the cosmological
event horizon further requires the scale factor to satisfy
Eq.(71), and restricts the FRW Universe to be dominated
by the cosmological constant wm = −1 or quintessence
−1 < wm < −1/3.
Similar conditions hold for the past particle horizon as
well. [54] has derived the GSL inequalities for the Hubble-,
apparent-, particle- and event-horizon systems with the loga-
mediate and intermediate scale factors by both the first law
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and the Bekenstein–Hawking formula, in which one could
clearly observe that these two methods yield different results
in the case of the event (and particle, Hubble) horizons.
Based on these considerations we argue that for consistency
with the cosmic gravitational dynamics, the geometrically de-
fined A/4G only unconditionally holds on the apparent hori-
zonΥA, which does not support the belief that the Bekenstein–
Hawking entropy could validate for all horizons in GR (e.g.
[14, 43]).
VI. GRAVITATIONAL THERMODYNAMICS IN
ORDINARY MODIFIED GRAVITIES
For the ΛCDM Universe within GR, we have re-studied
the first and second laws of thermodynamics by requiring
the consistency with the holographic-style dynamical equa-
tions (8), (9) and (11), which provides possible solutions to
the long-standing temperature and entropy confusions. Fol-
lowing the clarification of the Cai–Kim temperature and the
positive-heat-out sign convention, we will take this opportu-
nity to extend the whole framework of gravitational thermo-
dynamics to modified and alternative theories of relativistic
gravity [57, 58]; also, this is partly a continuation of our earlier
work in [64] where a unified formulation has been developed
to derive the cosmological dynamical equations in modified
gravities from (non)equilibrium thermodynamics.
For the generic Lagrangian density Ltotal =
LG(R,RµνRµν,R i , ϑ ,∇µϑ∇µϑ , · · · ) + 16πGLm, where
Ri = Ri
(
gαβ ,Rµανβ ,∇γRµανβ , . . .
)
refers to a generic Rie-
mannian invariant beyond the Ricci scalar and ϑ denotes a
scalarial extra degree of freedom unabsorbed by Lm , the
field equation reads
Hµν = 8πGT (m)µν with Hµν ≔
1√−g
δ
(√−g LG)
δgµν
, (74)
where total-derivative/boundary terms should be removed in
the derivation of Hµν. In the spirit of reconstructing the effec-
tive dark energy [63], Eq.(74) can be intrinsically recast into
a compact GR form by isolating the Rµν in Hµν:
Gµν ≡ Rµν − 12Rgµν =8πGeffT
(eff)
µν with
Hµν =
G
Geff
Gµν−8πGT (MG)µν ,
(75)
where T (eff)µν = T (m)µν + T (MG)µν , and all terms beyond GR
have been packed into T (MG)µν and Geff. Here T (MG)µν col-
lects the modified-gravity nonlinear and higher-order effects,
while Geff denotes the effective gravitational coupling strength
which can be directly recognized from the coefficient of the
matter tensor T (m)µν – for example, as will be shown in Sec.VI.8,
we have Geff = G/ fR for f (R), Geff = GE(φ)/F(φ) for
scalar-tensor-chameleon, Geff = G/φ for Brans-Dicke, Geff =
G/(1+2aR) for quadratic, and Geff = G for dynamical Chern-
Simons gravities. Moreover, T (eff)µν is assumed to be an effec-
tive perfect-fluid content,
T µ (eff)ν = diag
[−ρeff, Peff, Peff, Peff]
with Peff/ρeff ≕ weff,
(76)
along with ρeff = ρm + ρ(MG) and Peff = Pm + P(MG).
Modified gravities aim to explain the cosmic acceleration
without dark-energy components, so in this section we will
assume the physical matter to respect the null, weak, strong
and dominant energy conditions [40], which yield ρm > 0 and
−1/3 ≤ wm ≤ 1. This way, the quintessence (−1 < wm <
−1/3), the cosmological constant (wm = −1) and the most
exotic phantom (wm < −1) are ruled out.
VI.1. Holographic-style dynamical equations in modified
gravities
Substituting the FRW metric Eq.(1) and the effective cos-
mic fluid Eq.(76) into the field equation (75), one could obtain
the modified Friedmann equations
H2 +
k
a2
=
8πGeff
3 ρeff and
˙H − k
a2
= −4πGeff
(
1 + weff
)
ρeff = −4πGeffheff
or 2 ˙H + 3H2 + k
a2
= −8πGeffPeff,
(77)
where heff ≔
(
1 + weff
)
ρeff denotes the effective enthalpy den-
sity. With Eqs. (4) and (5), substituting the apparent-horizon
radius ΥA and its kinematic time-derivative ˙ΥA into Eq.(77),
the Friedmann equations can be rewritten into
Υ−2A =
8πGeff
3 ρeff (78)
˙ΥA =4πHΥ3AGeff
(
1 + weff
)
ρeff (79)
=
3
2
HΥA
(
1 + weff
) (80)
Υ−3A
(
˙ΥA − 32 HΥA
)
= 4πGeffHPeff, (81)
along with AAρeff = 32Geff . Similar to Eqs.(8)-(12) for
ΛCDM of GR, Eqs.(78)-(81) constitute the full set of FRW
holographic-style gravitational equations for modified gravi-
ties of the form Eq.(75).
VI.2. Unified first law of nonequilibrium thermodynamics
Following our previous work [64], to geometrically recon-
struct the effective total internal energy Eeff, one just needs to
replace Newton’s constant G by Geff in the standard Misner-
Sharp or Hawking mass used in Sec. III.1, which yields
Eeff =
1
2Geff
Υ3
Υ2A
. (82)
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The total derivative of Eeff = Eeff(t, r) along with the
holographic-style dynamical equations (78), (79) and (81)
yield
dEeff =− 1Geff
Υ3
Υ3A
(
˙ΥA − 32 HΥA
)
dt + 3
2Geff
Υ2
Υ2A
adr
−
˙Geff
2G2
eff
Υ3
Υ2A
dt (83)
=−AΥHPeffdt + Aρeffadr − V
˙Geff
Geff
ρeffdt. (84)
By the replacement adr = dΥ − HΥdt, Eqs.(83) and (84) can
be recast into the (t,Υ) transverse coordinates as
dEeff = −
˙ΥA
Geff
Υ3
Υ3A
dt + 3
2Geff
Υ2
Υ2A
dΥ −
˙Geff
2G2
eff
Υ3
Υ2A
dt (85)
= −A(1 + weff)ρeffHΥdt + AρeffdΥ − V ˙GeffGeff ρeffdt. (86)
Both Eqs.(84) and (86) can be compactified into the thermo-
dynamic equation
dEeff = AΨ +WdV + E, (87)
where W and Ψ respectively refer to the effective work den-
sity and the effective energy supply covector,
W = 1
2
(
1−weff
)
ρeff, (88)
Ψ = −1
2
(
1 + weff
)
ρeffHΥdt +
1
2
(
1 + weff
)
ρeffadr
= −(1 + weff)ρeffHΥdt + 12 (1 + weff)ρeffdΥ, (89)
and similar to Sec. III.1, W and Ψ can trace back to
the Hayward-type invariants W ≔ − 12 T
αβ
(eff)hαβ and Ψα ≔
T β
α(eff)∂βΥ + W∂αΥ under spherical symmetry. The E in
Eq.(87) is an extensive energy term
E ≔ −V
˙Geff
Geff
ρeff dt. (90)
As will be shown in the next subsection, E contributes to the
irreversible extra entropy production, so we regard Eq.(87) as
the unified first law of nonequilibrium thermodynamics [64],
which is an extension of the equilibrium version Eq.(23) in
GR. Moreover, it follows from the contracted Bianchi identi-
ties and Eq.(75) that ∇µGµν = 0 = 8π∇µ
(
GeffT µ(eff)ν
)
, and for
the FRW metric Eq.(1) it leads to
ρ˙eff + 3H
(
ρeff + Peff
)
=
˙E
V
= −
˙Geff
Geff
ρeff, (91)
so E also shows up in the generalized continuity equation as a
density dissipation effect.
VI.3. Nonequilibrium Clausius equation on the horizon
The holographic-style dynamical equation (79) can be
slightly rearranged into ˙ΥAGeff dt = AA(1 + weff)ρeffHΥAdt, so
we have
1
2πΥA
· 2πΥA
 ˙ΥAGeff dt − 12ΥA
˙Geff
G2
eff
dt
+
1
2πΥA
· 2πΥA
12ΥA
˙Geff
G2
eff
dt + VA
˙Geff
Geff
ρeffdt

= AA
(
1 + weff
)
ρeffHΥAdt + VA
˙Geff
Geff
ρeffdt.
(92)
It can be formally compactified into the thermodynamic rela-
tion
TA
(
dS A + dpS (A)
)
= −(AAΨt + EA) = −dEAeff∣∣∣∣dΥ=0, (93)
whereΨt is just the t-component of the covectorΨ in Eq.(89),
EA is the energy dissipation term Eq.(90) evaluated at ΥA, and
TA = 12πΥA denotes the Cai–Kim temperature on ΥA. Here S A
refers to the geometrically defined Wald entropy [65] for the
dynamical apparent horizon,
S A =
πΥ2A
Geff
=
AA
4Geff
=
∫ dAA
4Geff
, (94)
where S A takes such a compact form due to ΥA = ΥA(t) and
Geff = Geff(t) under the maximal spatial symmetry of the Uni-
verse, while dpS (A) represents the irreversible entropy produc-
tion within ΥA
dpS (A) = 2πΥA
12ΥA
˙Geff
G2
eff
dt + VA
˙Geff
Geff
ρeffdt

= 2πΥ2A
˙Geff
G2
eff
dt,
(95)
where we have applied the following replacement
1
2
ΥA
˙Geff
G2
eff
= VA
˙Geff
Geff
ρeff, (96)
whose validity is guaranteed by Eq.(78). Due to the ex-
tra entropy production element dpS (A), we regard Eq.(93) as
the nonequilibrium Clausius equation, which depicts the heat
transfer plus the extensive energy dissipation for the isochoric
process of an arbitrary instantaneous ΥA. With the nonequi-
librium unified first law Eq.(87), Eq.(93) can be completed
into the total energy differential
dEAeff = AAΨtdt + AA (ΨΥ +W) dΥA + EA
= −TA
(dS A + dpS (A)) + ρeffdVA. (97)
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VI.4. The second law for the interiors of the apparent and the
event horizons
For the cosmic entropy evolution, the second law of ther-
modynamics should still apply to the physical matter content
{ρm, Pm} rather than the mathematically effective {ρeff, Peff}.
Under minimal geometry-matter couplings, the Noether com-
patible definition of T (m)µν automatically guarantees ∇µT (m)µν =
0, so the total continuity equation (91) can be decomposed
into the ordinary one for the physical matter and the remain-
ing part for the modified-gravity effect [64]:
ρ˙m + 3H(ρm + Pm) = 0
ρ˙(MG) + 3H
(
ρ(MG) + P(MG)
)
= −
˙Geff
Geff
(
ρm + ρ(MG)
)
.
(98)
For the physical energy Em = ρmV = Eeff − ρ(MG)V within
an arbitrary volume, the positive-heat-out Gibbs equation (54)
still yields TmdS m = −d(ρmV) − PmdV = −Vdρm − (ρm +
Pm)dV , which together with Eq.(98) leads to
TmdS m = 3H(ρm + Pm)Vdt − (ρm + Pm)AdΥ
= ρmA(1 + wm)(HΥdt − dΥ). (99)
Hence, for the physical entropy S (A)m inside the apparent hori-
zon ΥA(t), Eq.(99) and the holographic-style dynamical equa-
tion (80) yield
TmdS (A)m = ρmAA
(
1 + wm
)(
ΥAH − ˙ΥA
)dt
= −3
2
ρmAA
(
1 + wm
)
HΥA
(1
3 + weff
)dt
= −9
2
ρmVAH
(
1 + wm
)(1
3 + weff
)dt.
(100)
where ρmAA cannot be simplified by Eq.(10) of GR. Recall
that −1/3 ≤ wm ≤ 1 in modified gravities, thus:
Theorem 4 The physical entropy S (A)m inside the cosmologi-
cal apparent horizon satisfies ˙S (A)m ≥ 0 only when weff ≤ −1/3.
Moreover, inside the event horizon ΥE(t), Eq.(99) along with
˙ΥE = HΥE − 1 give rise to
TmdS (E)m = ρmAE(1 + wm)
(
HΥE − ˙ΥE
)dt
= ρmAE(1 + wm)dt.
(101)
Hence, for the FRW Universe governed by modified gravities
and filled with ordinary matter −1/3 ≤ wm ≤ 1:
Theorem 5 The physical entropy S (E)m inside the cosmolog-
ical event horizon always satisfies ˙S (E)m > 0 regardless of the
modified-gravity theories in use.
VI.5. GSL for the apparent-horizon system
Unlike the standard second law for the matter content
{ρm, Pm}, GSLs further involve the modified-gravity effects
{ρ(MG), P(MG)}which influence the horizon entropy. Compared
with the ΛCDM situation in Sec. V.5, there are three types of
entropy for the apparent-horizon system in modified gravities:
the physical S (A)m for the internal matter content, the Wald en-
tropy S A of the horizon ΥA, and the nonequilibrium extensive
entropy production. From Eqs.(93) and (100), we have
˙S (A)m + ˙S A + ˙S (A)p
=− 1
Tm
3
2
ρmAA
(
1 + wm
)
HΥA
(1
3 + weff
)
+
2πΥA ˙ΥA
Geff
+ πΥ2A
˙Geff
G2
eff
=
3
2
ΥA
ΥH
(
− 1
Tm
ρmAA
(
1 + wm
)(1
3 + weff
)
+
1
TA
1
Geff
(
1 + weff
)
+
1
TA
1
3H
˙Geff
G2
eff
 , (102)
where ˙S (A)p ≔ dpS (A)/dt, TA = 1/(2πΥA), and ˙ΥA =
3
2 HΥA
(1 + weff). Generally the GSL for the apparent-horizon
system does not hold because the region Υ ≤ ΥA only com-
prises a finite portion of the Universe and is thermodynami-
cally open with the absolute Hubble flow crossing ΥA. How-
ever, Eq.(102) shows that ˙S (A)m + ˙S A + ˙S (A)p ≥ 0 could validate
when
Tm
TA
1 + weffGeff + 13H
˙Geff
G2
eff
 ≥ ρmAA(1 + wm)(13 + weff), (103)
where AA cannot be further replaced by 1/(πT 2A) to nonlin-
earize TA since TA is not an extensive quantity. Specifically
for equilibrium theories with Geff = constant, like the dynam-
ical Chern-Simons gravity [61, 64], Eq.(103) reduces to be-
come
(
1 + weff
)Tm
TA
≥ ρmAAG
(
1 + wm
)(1
3 + weff
)
, (104)
which appears analogous to Eq.(63) of ΛCDM.
For the apparent-horizon GSL, these results have matured
the pioneering investigations in [18] for generic modified
gravities and other earlier results in e.g. [22, 24] for specific
gravity theories by the nonequilibrium revision of the unified
first law, selection of the Cai–Kim temperature, dropping of
the artificial assumption Tm = T (+)A , and discovery of the ex-
plicit expression for the entropy production dpS (A).
VI.6. GSL for the event-horizon system
For the event-horizon system, dS E + dpS (E) should be
directly determined by the nonequilibrium unified first law
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Eq.(86),
TE
(
dS E + dpS (E)
)
=δQ(E) = −dE(E)eff
∣∣∣
ΥE0
= −(AEΨt + EE)
=AE
(
1 + weff
)
ρeffHΥEdt + VE
˙Geff
Geff
ρeffdt.
(105)
Then Eqs.(101) and (105) yield
˙S (E)m + ˙S E + ˙S (E)p =
1
Tm
ρmAE(1 + wm)+
1
TE
(
AE
(
1 + weff
)
ρeffHΥE + VE
˙Geff
Geff
ρeff
)
.
(106)
Inspired by the validity of the event-horizon GSL for Sec. V.6
and the standard second law Eq.(101), we a priori anticipate
˙S (E)m + ˙S E + ˙S (E)p ≥ 0 to hold, which imposes the following
viability constraint to modified gravities
Tm
TE
((
1 + weff
)
H +
˙Geff
Geff
)
ρeff ≥ −ρm(1 + wm)Υ−1E . (107)
Considering that −1/3 ≤ wm ≤ 1, its right hand side is neg-
ative definite, so a sufficient (yet not necessary) condition to
validate the GSL is((
1 + weff
)
H +
˙Geff
Geff
)
ρeff ≥ 0. (108)
These results improve the earlier investigations in e.g. [56] for
the event-horizon GSL in modified gravities.
Note that the discussion in Sec. VI.3 is based on the
holographic-style gravitational equations and only applies to
the apparent-horizon system; if presuming a Wald entropy
AE/4Geff and employing the entropy production to balance
all differential terms involving the evolution effect ˙Geff, one
would obtain
TE
(
dS E + dpS (E)
)
=
(
TE
2πΥE ˙ΥE
Geff
+ VE
˙Geff
Geff
ρeff
)
dt, (109)
with dpS (E) specified as
dpS (E) =
TEAE ˙Geff4G2
eff
+ VE
˙Geff
Geff
ρeff
 dt. (110)
Comparison of Eqs.(105) and (109) yields the condition
TE
2πΥE
(
HΥE − 1
)
Geff
= AE
(
1 + weff
)
ρeffHΥE, (111)
and thus the whole discussion in Sec. V.7 for ΛCDM can
be parallelly applied to modified gravities with G 7→ Geff,
ρm 7→ ρeff and wm 7→ weff, which again implies that the en-
tropy A/4Geff and the Cai–Kim temperature 1/(2πΥ) only un-
conditionally hold on the cosmological event horizon.
VI.7. A note on existing methods of GSL
Existent papers on GSL of modified gravities (in the tradi-
tional positive-heat-in Gibbs equation TmdŜ m = dE + PmdV)
usually replace ρm + Pm by ρ˜(MG) + P˜(MG) in Eq.(99), with
{˜ρ(MG), P˜(MG)} set up in the field equation involving both New-
ton’s constant G and the dynamic Geff:
Rµν −
1
2 Rgµν = 8πGT˜
(eff)
µν = 8πG
(
T˜ (m)µν + T˜
(MG)
µν
)
, (112)
where T˜ µ(eff)ν = diag
[
−ρ˜eff, P˜eff, P˜eff, P˜eff
]
, ρ˜eff = ρ˜m + ρ˜(MG),
P˜eff = P˜m + P˜(MG), and the tilde ∼ means that the possibly dy-
namical aspect of Geff in Eq.(75) has been absorbed into T˜ (eff)µν
to formally maintain a constant coupling strength G; also note
that for these tilded quantities the conservation equation be-
comes ˙ρ˜eff + 3H
(
ρ˜eff + ˜Peff
)
= 0 and ρ˙m + 3H(ρm + Pm) = 0
under minimal coupling (an energy exchange term between
ρm and ρ˜(MG) was analyzed for minimal f (R) gravity in [25],
which however should be a feature of nonminimal coupling).
This way, for the apparent-horizon system with Tm ˙Ŝ m =
4πΥ2A
(
ρm+Pm
) (
ΥA − H ˙ΥA
)
dt, one would have the GSL (e.g.
[22, 24, 25] for the F(R,G), scalar-tensor-chameleon and in-
teracting f (R) gravities)
˙Ŝ
(A)
m +
˙S A =
1
Tm
G
Geff
(
˙ΥA
GHΥA
− 4πΥ2A
(
ρ˜(MG) + P˜(MG)
))(
˙ΥA − ΥAH
)
+
2πΥA ˙ΥA
Geff
, (113)
where Geff is recognized from the coefficient of Gρ˜m = Geffρm to utilize the Wald entropy S A = AA/4Geff. In Eq.(113) we have
incorporated the holographic-style gravitational equations [simply Eqs.(78)-(81) with Geff 7→ G and ρeff 7→ ρ˜eff, Peff 7→ P˜eff] for
compactness, as well as the relation
ρm + Pm =
G
Geff
(˜
ρm + P˜m
)
. (114)
However, Eq.(113) is not self-consistent, not just for the conflicting sign conventions encoded in Ŝ (A)m and S A, but also because
it uses two different coupling strength for {Ŝ (A)m , S A}, and fails to capture the extra entropy production dpS (A) which arises in all
modified gravities with nontrivial Geff [64, 67]. To overcome these flaws in this popular method, the adjusted Gibbs equation
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(54) along with the setups in Eqs.(75, 76) and the holographic-style Eqs.(78)-(81) lead to
Tm ˙S m = − 1Geff
(
˙ΥA
HΥA
− 4πΥ2AGeff
(
ρ(MG) + P(MG)
))(
˙ΥA − ΥAH
)
= −HΥ
5
A
Geff
(
˙H − k
a2
+ 4πGeff
(
ρ(MG) + P(MG)
))(
˙H + H2
)
,
(115)
which together with Eq.(93) yields
˙S (A)m + ˙S A + ˙S (A)p = −
HΥ5A
Geff
(
˙H − k
a2
+ 4πGeff
(
ρ(MG) + P(MG)
))(
˙H + H2
)
+
2πΥA ˙ΥA
Geff
+ πΥ2A
˙Geff
G2
eff
. (116)
Eq.(116) improves Eq.(113) into a totally self-consistent and
more natural method that employs a single gravitational cou-
pling strength Geff in accordance with the standard entropy
AA/4Geff. The approach by Eq.(116) looks more concentra-
tive on {ρ(MG), P(MG)} of the modified-gravity effects; however,
it has implicitly ignored the nonexotic character of the cosmic
fluid ρm + 3Pm ≥ 0, and complicated the mathematical cal-
culations. Hence, in this paper we have chosen to work with
Eqs.(100, 102) rather than Eqs.(115, 116 ) for the apparent-
horizon system, and similarly Eq.(101, 106) for the event-
horizon system.
VI.8. Applications to concrete modified gravities
The formulation of gravitational thermodynamics in this
section applies to all ordinary modified gravities of the form
Eq.(75). One can just reverse the process and logic in [64]
to see the detailed applications of the first laws for different
gravity theories, and in this paper we will focus on the con-
cretization of the second laws, for which we have drawn the
following generic conclusions:
(1) ˙S (E)m > 0 always holds, while ˙S (A)m ≥ 0 when weff ≤
−1/3;
(2) ˙S (E)m + ˙S E + ˙S (E)p ≥ 0 should hold with Eq.(107) as a va-
lidity constraint for modified gravities, while ˙S (A)m + ˙S A+
˙S (A)p ≥ 0 could conditionally hold only when Eq.(103)
is satisfied.
To concretize these conditions, one just needs to find out the
effective gravitational coupling strength Geff, the effective EoS
parameter
weff =
(Peff + ρeff) − ρeff
ρeff
= −1 + (1 + wm)ρm +
(
ρ(MG) + P(MG)
)
ρm + ρ(MG)
,
(117)
the “modified-gravity energy density” ρ(MG), and ρ(MG) +
P(MG).
VI.8.1. f (R) gravity
For the FRW Universe governed by the L = f (R) +
16πGLm gravity [59], we have Geff = G/ fR and [64]
ρ(MG) =
1
8πG
(1
2
fRR − 12 f − 3H
˙fR
)
(118)
ρ(MG) + P(MG) =
1
8πG
(
¨fR − H ˙fR
)
(119)
weff = − 1 + 8πG(1 + wm)ρm +
¨fR − H ˙fR
8πGρm + 12 fRR − 12 f − 3H ˙fR
. (120)
The GSL for the event-horizon system requires f (R) gravity
to respect the following viability condition
Tm
TE
 8πG(1 + wm)ρm + ¨fR − H ˙fR8πGρm + 12 fRR − 12 f − 3H ˙fR H −
˙fR
fR
 × (121)(
8πGρm +
1
2
fRR − 12 f − 3H
˙fR
)
≥ −8πGρm(1 + wm)Υ−1E ,
while for the apparent-horizon open system, the second law
and the GSL respectively hold in the situations
8πG(1 + wm)ρm + ¨fR − H ˙fR
8πGρm + 12 fRR − 12 f − 3H ˙fR
≤ −23 , (122)
Tm
TA
 fR 8πG(1 + wm)ρm + ¨fR − H ˙fR8πGρm + 12 fRR − 12 f − 3H ˙fR −
˙fR
3H
 ≥ (123)
GρmAA
(
1 + wm
)  8πG(1 + wm)ρm + ¨fR − H ˙fR8πGρm + 12 fRR − 12 f − 3H ˙fR −
2
3
 .
VI.8.2. Scalar-tensor-chameleon gravity
For the scalar-tensor-chameleon gravity [24] with the La-
grangian density LSTC = F(φ)R − Z(φ)∇αφ∇αφ − 2U(φ) +
16πGE(φ)Lm, we have Geff = E(φ)F(φ) G and [64]
ρ(MG) =
1
8πGE
(
− 3H ˙F + 1
2
Z ˙φ2 + U
)
(124)
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weff = −1 + 8πGE(1 + wm)ρm +
¨F − H ˙F + Z ˙φ2
8πGEρm − 3H ˙F + 12 Z ˙φ2 + U
, (125)
where in this subsection we temporarily adopt the abbrevia-
tions E ≡ E(φ), F ≡ F(φ), U ≡ U(φ) and Z ≡ Z(φ). Eq.(107)
for the GSL of the event–horizon system imposes the con-
straint
Tm
TE
8πGE(1 + wm)ρm + ¨F − H ˙F + Z ˙φ28πGEρm − 3H ˙F + 12 Z ˙φ2 + U H +
FEφ − EFφ
EF
˙φ

×
(
8πGρm − 3H
˙F
E
+
Z
E
˙φ2 +
U
E
)
≥ −8πGρm(1 + wm)Υ−1E ,
(126)
while weff ≤ − 13 and the apparent-horizon GSL Eq.(107)
can be directly realized with Eq.(129) and ρ(MG) + P(MG) =
1
8πGE
(
¨F − H ˙F + Z ˙φ2
)
. Moreover, in the specifications E 7→ 1,
F 7→ φ, Z 7→ ω/φ, U 7→ 12 V , we recover the general-
ized Brans-Dicke gravity [62] with a self-interacting poten-
tial, LGBD = φR− ωφ∇αφ∇αφ−V(φ)+16πGLm, and Eq.(130)
reduces to become
Tm
TE
8πG(1 + wm)ρm + ¨φ − H ˙φ +
ω
φ
˙φ2
8πGρm − 3H ˙φ + ω2φ ˙φ2 + 12 V
H −
˙φ
φ
 × (127)(
8πGρm − 3H ˙φ + ω2φ
˙φ2 +
V
2
)
≥ −8πGρm(1 + wm)Υ−1E .
VI.8.3. Scalar-tensor-chameleon gravity
For the scalar-tensor-chameleon gravity [24] with the La-
grangian density LSTC = F(φ)R − Z(φ)∇αφ∇αφ − 2U(φ) +
16πGE(φ)Lm in the Jordan conformal frame, which general-
izes the Brans-Dicke gravity, we have Geff = E(φ)F(φ) G and [64]
ρ(MG) =
1
8πGE
(
− 3H ˙F + 1
2
Z ˙φ2 + U
)
(128)
weff = −1 + 8πGE(1 + wm)ρm +
¨F − H ˙F + Z ˙φ2
8πGEρm − 3H ˙F + 12 Z ˙φ2 + U
, (129)
where in this subsection we temporarily adopt the abbrevia-
tions E ≡ E(φ), F ≡ F(φ), U ≡ U(φ) and Z ≡ Z(φ), while
H is still the Hubble parameter. Eq.(107) for the GSL of the
event–horizon system imposes the constraint
Tm
TE
8πGE(1 + wm)ρm + ¨F − H ˙F + Z ˙φ28πGEρm − 3H ˙F + 12 Z ˙φ2 + U H +
FEφ − EFφ
EF
˙φ
 × (8πGρm − 3H ˙FE + Z2E ˙φ2 + UE
)
≥ −8πGρm(1 + wm)Υ−1E , (130)
while weff ≤ − 13 and the apparent-horizon GSL Eq.(107) can be directly realized with Eq.(129) and ρ(MG) + P(MG) =
1
8πGE
(
¨F − H ˙F + Z ˙φ2
)
. Moreover, in the specifications E 7→ 1, F 7→ φ, Z 7→ ω/φ, U 7→ 12 V , we recover the generalized
Brans-Dicke gravity [62] with a self-interacting potential, LGBD = φR − ωφ∇αφ∇αφ − V(φ) + 16πGLm, and Eq.(130) reduces to
become
Tm
TE
8πG(1 + wm)ρm + ¨φ − H ˙φ +
ω
φ
˙φ2
8πGρm − 3H ˙φ + ω2φ ˙φ2 + 12 V
H −
˙φ
φ
 ×
(
8πGρm − 3H ˙φ + ω2φ
˙φ2 +
1
2
V
)
≥ −8πGρm(1 + wm)Υ−1E . (131)
VI.8.4. Quadratic gravity
For the quadratic gravity LQG = R + aR2 + bRµνRµν + 16πGLm whose Lagrangian density is an effective linear superposition
of the quadratic independent Riemannian invariants [58, 60], with {a, b} being constants, we have Geff = G1+2aR and [64]
ρ(MG) =
1
8πG
(
a
2
R2 − b
2
R2c +
b
2
¨R − (4a + b)H ˙R + 4bRt αtβ + 2bR tt
)
, (132)
weff = −1 +
8πG(1 + wm)ρm + (2a + b) ¨R − b2 H ˙R + 4b(Rt αtβ − Rrαrβ)Rαβ + 2b(R tt − R rr )
8πGρm + a2 R2 − b2 R2c + b2 ¨R −
(
4a + b)H ˙R + 4bRt
αtβ + 2bR tt
, (133)
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where R2c ≔ RµνRµν,  = gµν∇µ∇ν, and we have used the compact geometric notations [64]. Hence, GSL of the event-horizon
system requires
Tm
TE
8πG(1 + wm)ρm +
(
2a + b) ¨R − b2 H ˙R + 4b(Rt αtβ − Rrαrβ)Rαβ + 2b(R tt − R rr )
8πGρm + a2 R2 − b2 R2c + b2 ¨R −
(
4a + b)H ˙R + 4bRt
αtβ + 2bR tt
H − 2a
˙R
1 + 2aR

×
(
8πGρm +
a
2
R2 − b
2
R2c +
b
2
¨R − (4a + b)H ˙R + 4bRt αtβ + 2bR tt
)
≥ −8πGρm(1 + wm)Υ−1E ,
(134)
while weff ≤ − 13 and Eq.(107) can be directly concretized with Eq.(133) and
ρ(MG) + P(MG) =
1
8πG
((
2a + b) ¨R − b
2
H ˙R + 4b(Rt αtβ − Rrαrβ)Rαβ + 2b
(
R tt − R rr
))
. (135)
VI.8.5. Chern-Simons gravity
Finally let’s analyze the dynamical Chern-Simons gravity
LCS = R+ aϑ√−g
∗R̂R−b∇µϑ∇µϑ−V(ϑ)+16πGLm [61] which
has a constant gravitational coupling strength Geff = G, where
∗R̂R = ∗RαβγδRαβγδ denotes the Chern-Pontryagin invariant
and {a, b} are constants. We have [64]
ρ(MG) =
1
16πG
(
b ˙ϑ2 + V(ϑ)
)
(136)
weff = −1 + 8πGρm(1 + wm) + b
˙ϑ2
8πGρm + 12 b ˙ϑ2 +
1
2 V(ϑ)
, (137)
and thus Eq.(107) leads to the viability condition
Tm
TE
(
8πGρm(1 + wm) + b ˙ϑ2
)
≥ −8πGρm(1 + wm)ΥH
ΥE
, (138)
which, for ˙ϑ , 0, yields a constraint for b,
b ≥ −8πGρm(1 + wm)
(
ΥH
ΥE
TE
Tm
+ 1
)
˙ϑ−2. (139)
For the FRW cosmology, ∗R̂R makes no contribution to the
gravitational equations, so LCS effectively acts as L =
R − b∇µϑ∇µϑ − V(ϑ) + 16πGLm, which formally resembles
the scalarial dark energy [37, 39]. On the other hand, note
that although Eqs.(138) and (139) are always satisfied for
b > 0, which corresponds to a canonical kinetic ϑ-field that
is quintessence-like (L = − 12∇µφ∇µφ − V(φ)), ϑ is allowed
to be slightly phantom-like (L = 12∇µφ∇µφ − V(φ)) for some
b < 0 by Eq.(139). Hence, Eq.(139) does not coincide with
the situation of ΛCDM in Sec. V.6, where ˙S (E)m + ˙S E ≥ 0 holds
if and only if wm ≥ −1.
VII. CONCLUSIONS AND DISCUSSION
In this paper the thermodynamic implications of the
holographic-style dynamical equations for the FRW Universe
have been studied. We started from the ΛCDM model of GR
to clearly build the whole framework of gravitational thermo-
dynamics, and eventually extended it to modified gravities. A
great advantage of our formulation is all constraints are ex-
pressed by the EoS parameters.
The holographic-style gravitational equations govern both
the apparent-horizon dynamics and the cosmic spatial expan-
sion. We have shown how they imply Hayward’s unified first
law of equilibrium thermodynamics dE = Aψ+WdV [46] and
the isochoric-process Cai–Kim Clausius equation TAdS A =
δQA = −AAψt [2, 8, 47]. The derivations of the Clausius
equation in Sec. III.2 actually involves a long standing confu-
sion regarding the setup of the apparent-horizon temperature,
and extensive comparisons in Sec. IV have led to the argument
that the Cai–Kim TA = 1/(2πΥA) is more appropriate than
the Hayward TA = κ/2π and its partial absolute value T (+)A .
Meanwhile, we have also introduced the “zero temperature di-
vide” wm = 1/3 for TA = κ/2π, and proved the signs of both
temperatures are independent of the inner or outer trappedness
of the apparent horizon.
The “positive heat out” sign convention for the heat trans-
fer and the horizon entropy has been decoded from TAdS A =
−dE, provided that the third law of thermodynamics holds
with a positive TA. With the horizon temperature and en-
tropy clarified, the cosmic entropy evolution has been inves-
tigated. We have adjusted the traditional matter entropy and
Gibbs equation into dEm = −TmdS m − PmdVA in accordance
with the positive heat out convention of the horizon entropy. It
turns out that the cosmic entropy is well behaved, specially for
the event-horizon system, where both the second law and the
GSL hold for nonexotic matter (−1 ≤ wm ≤ 1). Also, we have
clarified that the regions {Υ ≤ ΥA, Υ ≤ ΥE} enveloped by the
apparent and even horizons are simple open thermodynamic
systems2 so that one should not a priori expect the validity of
nondecreasing entropy, and abandoned the local equilibrium
assumptions restricting the interior and the boundary temper-
atures.
Finally we have generalized the whole formulations from
2 Even the philosophical “whole Universe” would be an open system if there
were matter creations which would cause irreversible extra entropy pro-
duction, and one typical mechanism triggering this effect is nonminimal
curvature-matter coupling [66].
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the ΛCDM model to ordinary modified gravities whose field
equations have been intrinsically compactified into the GR
form Rµν − Rgµν/2 = 8πGeffT (eff)µν . To our particular inter-
est, we found that inside the apparent horizon the second law
˙S m ≥ 0 nontrivially holds if weff ≤ −1/3, while inside the
event horizon ˙S m ≥ 0 always validates regardless of the grav-
ity theories in use. These generic conclusions have been con-
cretized in f (R), scalar-tensor-chameleon, quadratic and dy-
namical Chern-Simons gravities.
Note that the volume V and surface area A used through-
out this paper are interpreted as flat-space quantities in [26].
However, Υ and A are the proper radius and area for the stan-
dard sphere S2 in the 2 + 2 (rather than 3 + 1) decomposition
ds2 = hαβdxαdxβ+S2 of Eq.(1), while the role of V as a proper
quantity is still not clear.
There are still some interesting problems arising in this pa-
per and yet unsolved. For example, the discussion in Sec. V.7
further raises the question that, what is the temperature TE
for the event horizon? Note that if TE , TA, there would be
a spontaneous heat flow between ΥA and ΥE – would it af-
fect the cosmic expansion? On the other hand, it is not clear
whether or not the apparent and the event horizons could be
heated by the absolute Hubble energy flow and consequently
TE = Tm and TA = Tm: this would avoid the temperature gra-
dient between ΥA and ΥE, but throughout this paper we have
not yet seen any evidence for TA to be heated into Tm.
Moreover, besides the traditional GSLs, the “cosmic holo-
graphic principle” in [26] which argues that the physical en-
tropy Ŝ (A)m inside the apparent horizon ΥA could never exceed
the apparent-horizon entropy S A, is also problematic in com-
paring Ŝ (A)m with S A – this principle should be restudied in the
unified positive-heat-out sign convention. Moreover, is ΥA
the only hologram membrane for the FRW Universe? Can the
relative evolution equation (17) be used in astrophysical and
cosmological simulations? Also, how would the cosmic en-
tropy evolve in a contracting Universe? We hope to find out
the answers in prospective studies.
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Appendix A: The minimum set of state functions and
reversibility
Eqs.(29) and (30) clearly indicate that just like ordinary
thermodynamics, the geometrically defined horizon temper-
ature TA and horizon entropy S A remain as state functions,
which are independent of thermodynamic processes that in-
deed correspond to the details of cosmic expansion a˙(t) and
the apparent-horizon evolution ˙ΥA. Just like the regular tem-
peratures of thermodynamic systems, the Cai–Kim TA re-
mains as an intensive property with TA = TA(t) = 1/2πΥA(t);
one should not treat it as an extensive property by TA =
TA(VA) = 1/(2π 3
√
3
4πVA). Some other state functions in-
volved here include the apparent-horizon radius ΥA, the en-
ergy density ρm(t), the pressure Pm(t) and thus the EoS pa-
rameter wm = ρm/Pm. These state quantities are not totally
independent as they are related with one another by the Fried-
mann equations (7), the holographic-style dynamical equation
(8), and the thermodynamic relations in Secs. III.1 and III.2.
Here we select the following quantities to comprise a mini-
mum set of independent state functions for Secs. II and III:
Minimum set =
{
ρm ,wm , TA
}
. (A1)
Based on this set, the product of ρm and wm yields the pres-
sure Pm. Through Eq.(10) ρm recovers the horizon area AA
and thus determines the entropy S A. Treating TA as an in-
tensive property, we do not take the approach from Eq.(8) or
Eq.(10) for the recovery ρm → AA → ΥA → TA, and in-
stead let TA enter the minimum set directly as the Cai–Kim
temperature ansatz. Similarly, for modified gravities with the
dynamical equations (78)-(81), we choose the minimum set to
be {ρeff,weff,Geff, TA}.
The fact that Eq.(31) is the Clausius equation for
(quasi)equilibrium or reversible thermodynamic processes
without extra entropy production raises the question that, what
does reversibility mean from the perspective of cosmic and
apparent-horizon dynamics? From the explicit expression of
the heat transfer δQA = TAdS A = AA(1+wm)ρmHΥAdt where
the state quantity TAdS A is balanced by the process quantity
δQA, we naturally identify H as a process quantity; moreover,
if one reverses the initial and final states of TAdS A, the state
quantities {ρm(t) ,wm ,ΥA , AA} can be automatically reversed.
Hence, by reversibility we mean an imaginary negation −H
of the Hubble parameter that results in a spatial contraction
process which directly evolves the Universe from a later state
back to the earlier state of TAdS A without reversing the time
arrow and causing energy dissipation.
[68] suggests that since the energy-matter crossing the ap-
parent horizon for the (accelerated) expanding Universe will
not come back in the future, it should cause extra entropy pro-
duction, and [68] further introduced the entropy flow vector
and the entropy production density for it. In fact, the re-
versibility of TAdS A = δQA simply allows for such a pos-
sibility in principle, rather than the realistic occurrence of
the reverse process, so we believe that the entropy-production
treatment in [68] is inappropriate. As shown in Sec. VI.3, ir-
reversibility and entropy production is a common feature for
such (minimally coupled) modified gravities with a nontriv-
ial effective gravitational coupling strength (Geff , constant)
when their field equations are cast into the GR form Rµν −
Rgµν/2 = 8πGeffT (eff)µν , and the time evolution of Geff causes
irreversible energy dissipation and constitutes the only source
of entropy production.
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